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Examples on Differential Analysis of 

Incompressible Viscous Flow
 
 

Summary of Conservation Differential Equations (from Part 1 ):
 

(I) Conservation of Mass: 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
   

 

 

 

 

 

 
 
 

 

 

 

  

∗

 Ref.:(1) Bruce R. Munson, Donald F. Young, Theodore H. Okiishi “Fundamental

                of Fluid Mechanics” 4
th

 ed., John Wiley & Sons, Inc., 2002.

 (2) Frank M. White “Fluid Mechanics”, 4

                                                      - 3/ 57-                                          

Part (2)* 

Examples on Differential Analysis of 

Incompressible Viscous Flow 

Summary of Conservation Differential Equations (from Part 1 ): 

Ref.:(1) Bruce R. Munson, Donald F. Young, Theodore H. Okiishi “Fundamental

ed., John Wiley & Sons, Inc., 2002. 

(2) Frank M. White “Fluid Mechanics”, 4
th

 ed. McGraw Hill, 2002. 

                                          Dr. Mohsen Soliman 

Examples on Differential Analysis of  

Ref.:(1) Bruce R. Munson, Donald F. Young, Theodore H. Okiishi “Fundamental 



MEP303-A Part-2                                 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

(II) Conservation of Linear Momentum:
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(II) Conservation of Linear Momentum: 
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Couette Flow Between a Fixed and a Moving Plate:
  

                                                      - 9/ 57-                                          

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Couette Flow Between a Fixed and a Moving Plate: 
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Flow Due to Pressure Gradient Between Two Fixed Plates:
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Flow Due to Pressure Gradient Between Two Fixed Plates: 
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Example 2.2: 
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2.1.5 Flow between Long Concentric Cylinders: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.1.6  Instability of Rotating Inner Cylinder Flow: 
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Example 2.4:  
 

 

 

2.2 Flow Through An Inclined Circular Pipe:

a) Method of Using the Moody Chart:
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2.2 Flow Through An Inclined Circular Pipe: 

a) Method of Using the Moody Chart: 

                                          Dr. Mohsen Soliman 



MEP303-A Part-2                                 

 

 

 

 

 

                                                      - 21/ 57-                                          

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

                                          Dr. Mohsen Soliman 

 



MEP303-A Part-2                                 

 

 

 

b) Method of Solving the Equations of  Motions:

                                                      - 22/ 57-                                          

 

 

 

 

 

 

 

 

 

 

 

 

b) Method of Solving the Equations of  Motions: 
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Laminar Flow Solution: 
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Example 2.5: 
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2.2 Case of Turbulent Flow
 

2.2.1 Semi-empirical Turbulent Shear Correlations:
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Turbulent Flow (this part may be omitted without loss of continuity

empirical Turbulent Shear Correlations: 
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2.2.2 Reynolds Time-Averaging Concept:
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Averaging Concept: 
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The Logarithmic-Overlap Law:
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Overlap Law: 
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 Turbulent Flow Solutions:
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Turbulent Flow Solutions: 

                                          Dr. Mohsen Soliman 



MEP303-A Part-2                                 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

                                                      - 31/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Effect of Rough Walls: 
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The Moody Chart: 
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Example 2.10: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

Three Types of Pipe Flow Problems: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Type 2 Problem: Find the Flow Rate: 
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Example 2.11: 
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Type 3- Problem: Find the Pipe Diameter:
 
 

 

 

Example 2.13: 
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Problem: Find the Pipe Diameter: 
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Example 2.14: 
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Flow in Noncircular Ducts (the hydraulic diameter): 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



MEP303-A Part-2                                 

 

 

Flow between Parallel Plates (laminar or turbulent)
 
 

 

 

 

 

 

                                                      - 43/ 57-                                          

 

 

 

 
 

Flow between Parallel Plates (laminar or turbulent): 
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Flow through a Concentric 
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Flow through a Concentric Annuls: 
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Example 2.16: 
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Flow in Other Noncircular Cross
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Flow in Other Noncircular Cross-Sections: 
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Example 2.17: 
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Oral Questions for the Viscous Flow Parts (1 & 2) 
Note: Questions from 1-6 are in Fluid Report # (1) in Part-1 

********************************************************************************* 

7- What do we mean (both physically and mathematically) by a fully-developed flow? Give an example 

describing the fully-developed velocity field in a circular pipe. How do we get the equation for this 

velocity field and also for the average velocity and for the shear stress distribution in this field.  
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

8- Prove that the time-derivative operator (called total or substantial derivative) following a fluid particle is: 

d/dt =  ∂ / ∂t + ( V . ▼ ), where ▼ is the gradient operator. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

9- What do you know about the conservation equations in Fluid Mechanics? Using the differential analysis 

method, stat and discuss two of the main conservation equations of fluid mechanics. Show all the non-

linear terms in those equations. What is the divergence of the velocity vector field?. Can we write the 

momentum equations for a Non-Newtonian fluid? How?. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

10- What do we mean (both physically and mathematically) by a fully-developed flow? Give an example 

describing the fully-developed velocity field between two parallel fixed plates separated by a small 

distance, h, with zero pressure drop in the direction of the flow. How do we get the equation for this 

velocity field and also for the average velocity and for the shear stress distribution in this field. 
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------   

11- What do we mean (both physically and mathematically) by a fully-developed flow? Give an example 

describing the fully-developed velocity field between two parallel plates separated by a small distance, h, 

with the upper plate moving with a velocity Uo in the +ve x-direction and with zero pressure drop in the 

direction of the flow. How do we get the equation for this velocity field and also for the average velocity 

and for the shear stress distribution in this field. 
 

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

12- What do we mean (both physically and mathematically) by a fully-developed flow? Give an example 

describing the fully-developed velocity field between two parallel plates separated by a small distance, h, 

with the upper plate moving with a velocity Uo in the  -ve x-direction and with zero pressure drop in the 

direction of the flow. How do we get the equation for this velocity field and also for the average velocity 

and for the shear stress distribution in this field. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

13- Using the cartesian coordinates, write down and discuss the meaning of each term and show all the 

differences you know between the Navier-Stoke’s equations and the Euler’s equations. Can we use 

Euler’s equations to solve the flow in long pipes? Why? What is the relation between Euler’s equations 

and Bernolli’s equation? 
 

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

14-The axial velocity profile, u, in incompressible laminar and turbulent flow in a circular pipe may be well 

approximated by : a) u = ULmax (1- r
2
/R

2
) and b) u = UTmax (1- r/R)

1/7
  where R is the pipe radius. Find the 

volume flow rate, the mean velocity, shear stress at the wall and the friction force on the pipe wall if the 

pipe length is L. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

 15- A tank of volume V contains a liquid  of  an initial density ρi and a second liquid of a density denoted 

by ρin enters the tank steadily with a mass flow rate min and mixes thoroughly with the fluid in the tank. 

The liquid level in the tank is kept constant by allowing mout flow out of the side of the tank. Drive an 

expression for the time rate of change of the density ρ(t) of the liquid in the tank, and the time required 

for the density in the tank to reach the value of ρf .  

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
16- The diameter of a pipe bend is 300 mm at inlet and 150 mm at outlet, the flow is turned 120

o
 in a 

vertical plane. The axis at inlet is horizontal and the center of the outlet section is 1.4m below the center 

of inlet section. The total volume of fluid contained in the bend is 0.085m
3
. Neglecting friction, find the 

magnitude and direction of the net force exerted on the bend by water flowing through it at  0.23 m
3
/sec 

if the inlet pressure is 140 kPa.   
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

17- The flow rate is 0.25 m
3
/s into a convergent nozzle of 0.6 m height at entrance and 0.3m height at exit. 

Find the velocity, acceleration and pressure fields through the nozzle. (assume the nozzle length = 1.5 m) 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

18- The flow rate is 0.25 m
3
/s into a divergent nozzle of 0.3 m height at entrance and 0.6m height at exit. 

Find the velocity, acceleration and pressure fields through the nozzle. (assume the nozzle length = 1.5 m) 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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19- Which of the following motions are kinematically possible for incompressible flow (k and Q are 

constants): i) u = k x , v =k y, w =-2k z  ii) Vr =- Q/2Л r , Vθ  k/2Л r iii) Vr = k cos θ, Vθ = -k sin θ 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

20- For a 2-D flow field in the xy-plane, the y component of the velocity is given by:  

v = y
2
 – 2x + 2y. Determine a possible x-component for a steady incompressible flow. Is it also valid for 

unsteady flow? How many possible x-components are there? Why?. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

21- For a 2-D flow field in the xy-plane, the x component of the velocity is given by:  

u = y
2
 – 2x + 2y. Determine a possible y-component for a steady incompressible flow. Is it also valid for 

unsteady flow? How many possible x-components are there? Why?. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

22- Prove that the equation of continuity for 2-D incompressible flow in polar coordinates is in the form: 

∂Vr /∂r + Vr/r + 1/r (∂Vθ/∂θ) = 0 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

23- Starting from the Navier-Stokes equations, drive the well known Bernoulli’s equation. State all the 

assumptions made. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

24- Explain the physical meaning and the mathematical equations for both  the divergence operator and the curl 

operator as applied on a vector field. Take the velocity field V as an example. (hint: prove that the divergence of 

V = the rate of volume expansion of fluid element per unit initial volume) . Prove also that for an incompressible 

velocity field, the divergence of V = 0. What is the relationship between the curle of  V and the rotation in the 

velocity field. 
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

25- Prove that the axial velocity profile in a laminar flow in a tube of  radius R is: 

u(r) = (- R
2
/4µ) (dp/dx) [ 1 – (r/R)

2
 ],where x is along the centerline  of  the tube. 

How can a simple and an accurate viscosity meter be made using equations of  laminar flow in a pipe. The viscosity 

of fluid passing through a length of a thin tube can be calculated if the volumetric flow rate and pressure drop are 

measured and the tube geometry is known?.  

A test on such viscosity meter gave the following data: Q = 880 mm
3
/sec. ,  tube diameter, d = 0.5mm , tube length, 

L = 1.0 m, the pressure drop, ∆p = 1 Mpa. If the specific gravity =1.0, Find the dynamic viscosity, µ of the fluid 

in the tube (is the flow realy laminar or not ? check on that assumption). 
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Problems on parts (1) & (2): 

                                                      - 52/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                                                                       - 53/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                                                                       - 54/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                                                                       - 55/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                 

  

                                                      - 56/ 57-                                                                                    Dr. Mohsen Soliman 



MEP303-A Part-2                                 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                      - 57/ 57-                                          

End of Part-2 
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